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Abstract

R

In a causal set theory of spacetime, on macroscopic scales, physically relevant causal sets must approx-
imate spacetime manifolds. Methods for extracting manifold-like properties from causal sets are an active
area of research. This chapter offers a pedagogical treatment of several methods that have been developed
and used to estimate the dimension of a manifold that is approximated by a causal set. We also devote some
brief comments to the value of dimension estimation to topics of current interest besides estimating the man-

ifold dimension.

ERNSHRRESHICH, RURE TSP SCERA R RE SRR IL PN 2=, MIEIRE
B PP IRBUR L B Y 75 T2 AT — A BRI R U, AT BT A I TR R RE S AE X
RITI4EE R T ITIEMEBEAEN A BATERIZIE T ERAERRE4EES, R R 2 A H A
AT R IMES

F. Ashmead - D. D. Reid ( ®)
F. Ashmead - D. D. Reid ( X)
Department of Physics, University of Chicago, Chicago, IL, USA

SEE OHRTE DN Z B i Z e 2B R

Keywords
Rt

Dimension estimators - Myrheim-Meyer dimension - Spectral dimension . Manifold dimension - Dimen-

sional reduction

R - /RS- LR - IR, PR - 4L



Introduction
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Causal set theory ultimately seeks to put forward a complete, self-consistent model of quantum gravity.
However, one of its founding principles is that under appropriate macroscopic conditions, spacetime mani-
folds will emerge from the information encoded in the causal sets. This property is desired for correspondence
with general relativity. A basic property of such manifolds is their dimension. Knowing the dimension of a
spacetime is key to a proper interpretation of many aspects of the physics of that spacetime. The dimension
is also required input for the calculation of many important quantities.
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Broadly, within physics and mathematics, there are several kinds of dimension so it is important for us
to be clear about what we mean. As alluded to in the previous paragraph, our focus will be (mostly) on the
macroscopic limit in which a causal set may possess properties consistent with a spacetime manifold. One
way to characterize this manifoldlikeness is to say that the set can be embedded into a manifold with uniform
density. The dimension of this macroscopic spacetime manifold into which a causal set can embed is the
primary focus of this chapter-we refer to this as the manifold dimension (This term is not universal and there
is no standard. Several other terms appear in the literature depending on the context, including spacetime
dimension, topological dimension, Minkowski dimension, and even the broader term Hausdorff dimension
depending on how it is calculated.).
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In this chapter, we outline several ways to estimate the manifold dimension of causal sets. The methods
we discuss fall into two broad categories: (a) order-theoretic methods that rely on combinatorial properties of
causal sets (counting elements and other substructures) to infer the dimension, and (b) spectral dimension
methods that infer the dimension from the properties of a random walk. We do not attempt to discuss every
possible manifold dimension estimator. Indeed, any combinatorial property of a manifold-like causal set that
should depend on its dimension can be used as a dimension estimator. Instead, we focus on those methods

that have been most prominently employed in the literature and those that are of current interest.
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The remainder of this chapter is organized as follows. In section “Causal Set Theory”, we give a brief
review of causal sets stating several properties and definitions that will be important to our subsequent dis-
cussion of dimension estimators. In sections "Myrheim-Meyer Dimension Estimators” and ”Other Order-
Theoretic Dimension Estimators”, we discuss several order-theoretic methods and offer some comments on
how they compare. Section ”Spectral Dimension Estimators” treats this class of dimension estimators. In sec-
tion "Beyond the Manifold Dimension”, we comment on the application of these techniques to topics other
than estimating the manifold dimension. In the final sections, we discuss numerical tests of several dimension

estimators and offer some concluding remarks.
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Causal Set Theory

PSS o

Here we briefly highlight a few particular features of causal sets. A more complete explanation of every-

thing discussed in this section, and many other topics, can be found in the review article by Surya [1].
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A causal set C is a set of elements {e;} together with an ordering relation < between them. The notation
e; < ej means that e; precedes e; . The action of < between elements is intended to model the causal ordering
of events in spacetime. Therefore, we adopt the following properties: (a) Not all elements are related by the
ordering relation so that a causal set is a partially ordered set. (b) The ordering operation is transitive: e; < e;
and ej < ex = ¢; < e, and (c) acyclic: e; < e; = e; £ ¢; for all ordered pairs. The question of reflexivity,
whether an element is related to itself, can be chosen either way for convenience.
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In addition to the properties just listed, causal set theory adds the feature of spacetime discreteness. This
is accomplished by requiring C to be locally finite in the following sense. Consider two related elements e; <
ey - Let the order interval I (e;, ey ) , or interval for short, be the set of elements between them as determined

by <:
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For C to be locally finite means that the number of elements in any order interval, called its cardinality

[I(e;,ex)l, is finite.
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Manifold-Like Causal Sets

R ARG

As discussed in section “Introduction”, our particular focus is on manifold-like causal sets. For such
causal sets there are two key correspondences that we highlight here: the number-volume correspondence

and the path-geodesic correspondence.
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At its core, causal set theory, in addition to being a discrete model of spacetime, is also a stochastic model
of spacetime. Therefore, we should think of the cardinality of an order interval, N, as a fluctuating quantity.
Assuming for convenience that a manifold-like causal set has been embedded into a manifold, the number-
volume correspondence is that the expectation value of the number of elements in an order interval (N) is

directly proportional to the volume V of the region of the manifold into which the interval embeds
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where p is the density of the embedded points in the region.
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In addition to order intervals, two other subsets of C will be important to our discussion: chains and
paths. A chain is a totally ordered subset of elements. That is, all pairs of elements are related. Let ¢, denote
a chain consisting of k elements, a k -chain:
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A link (< -) is an irreducible relation between elements. If two elements are linked, there are no other
elements between them: ¢; < -¢;, = Ae ;D e; <ej < ey . Apath, therefore, is a chain consisting only of links.

If pj represents a k -path then
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The length of a k -path is taken to be the number of links (= k — 1) within it.
k BRI R EE OV ENERE SRR (= k- 1) .

In a spacetime manifold, the geodesic length between two events corresponds to the longest proper time
between them. In a causal set, the length of the longest path between two elements is the most natural analog
to the proper time. Again, assuming that a manifold-like causal set has been embedded into a manifold, the
path-geodesic correspondence then is that in the large density limit, the length of the longest path between two
related elements in a causal set becomes proportional to the proper time between the corresponding embedded
events in the manifold. For an interval I (e;, ej) , the length of the longest path between its defining elements
e; and ey is often called its height.
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Random Sprinklings
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Recall that a manifold-like causal set is one that can be uniformly embedded into a manifold. One sure
way to get a manifold-like causal set is to do the reverse and construct one from a uniform distribution of
events in a spacetime manifold. This process is referred to as sprinkling.
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Causal sets consistent with the properties stated previously can be formed by sprinkling points in a man-
ifold via a Poisson process. In this process, the Poisson distribution is used to determine the number of events
selected from a region of the manifold of volume V with the mean of the distribution determined by Eq. 2.
This number of events is then uniformly selected within that region. The selected events are then identified
with the elements of the causal set. The partial ordering of the elements is taken to coincide with the causal

ordering of the events. After this, one has a bare, manifold-like causal set.
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To set some terminology, consider an order interval I, (e;, e) formed by sprinkling into a region A of
a manifold M . Let (x,y) be the events in M that map to the elements (e;, ;) in I4 . The region A is the
intersection of the causal future of x and the causal past of y : A = { Future (x)nPast (y)}. This region is often
called an Alexandrov neighborhood or causal diamond. Therefore, order intervals in manifold-like causal
sets map to Alexandrov neighborhoods in the manifold. Similarly, sprinkling an Alexandrov neighborhood
generates causal sets that are order intervals (Sometimes the set of selected events in the manifold is referred
to as an Alexandrov set.). It is on such causal sets that the manifold dimension estimators we will discuss

have been tested.
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Myrheim-Meyer Dimension Estimators
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In an important technical report, J. Myrheim [2] noted that for causal sets (Myrheim did not use the term
causal sets.), a statistically derived notion of dimension is possible. As an example, he pointed out that for an
order interval selected from Minkowski space, the ratio of the number of ordered pairs (2-chains) to the total
number of pairs, which he called the ordering fraction, is a function of the dimension suggesting that this
ratio could serve as a dimension estimator. Subsequently, David Meyer worked out the mathematical details
of Myrheim’s suggestion and placed it in the broader context of k -chain statistics [3]. The resulting dimension

estimator, based on the statistics of 2-chains, has become known as the Myrheim-Meyer dimension.
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This dimension estimator is a standard starting point for order-theoretic dimension estimation in causal
set theory. It has spawned a whole class of dimension estimators, based on k -chain statistics, obtained through
various modifications or extensions of Meyer’s work in [3]. In this section, we will review some of the details
of the Myrheim-Meyer dimension and a few of the modified Myrheim-Meyer techniques that have been in-
troduced to either expand its use-cases or improve its accuracy. All of the dimension estimators we discuss

assume manifold-like causal sets.
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Myrheim-Meyer Dimension

Myrheim-Meyer 4E%%

In [3], Meyer worked out the expected number of k -chains in an embedded interval from a unit-density

(p = 1) sprinkling in Minkowski space. He found
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where d denotes the manifold dimension, V is the volume of the Alexandrov neighborhood, and I (x) is

(5)

the gamma function (In [3], d represents only the spatial dimension, whereas here it is the spacetime dimen-

sion. We have modified Meyer’s expression to fit our usage.).
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The most straightforward way to use this expression as a dimension estimator is to take k = 2,
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and apply the following two facts: (a) For a unit-density sprinkling we can take V' = (N) by Eq. 2. Note
also that (N) = (c;) . (b) The expected number of 2-chains {c,) , is just the expected number of relations <
in the causal set. Therefore, by simply counting the number of elements (~ V) and the number of relations
(~ {c,)) in the causal set, we obtain a ratio that depends solely on the dimension,

FNLH ARSI (a) X T AL S, FATATDMRIEK () BV = (N) o HIBER (N) = (c1)
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This function, f (d), is half of Myrheim’ s ordering fraction and can be solved for the dimension numer-

ically.
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Modified Myrheim-Meyer: Constant Cardinality Approach
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Recently, Aghili et al. have proposed an alternative to the Myrheim-Meyer dimension [4]. In this ap-
proach, one seeks the manifold dimension (assuming Minkowski space) of a causal set by only considering
subsets (sub-intervals) of fixed cardinality N . This choice presents two important differences from the devel-

opment of the traditional Myrheim-Meyer dimension:
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1. For a uniform sprinkling at fixed N , the probability of finding a particular number of elements n (< N)
within a subregion of the Alexandrov neighborhood is governed by the binomial distribution rather than the

Poisson distribution.
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2. Because N is fixed, the probability of getting a k -chain through a particular set of locations calls for

an adjustment of the density for different factors in the probability.
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To explain the second point, we note that the probability of finding an element within a given infinitesi-
mal volume is dP = pdV ,where p is the density of elements. The probability of a k -chain through a particular
set of infinitesimal volumes then is a product of k — 2 such factors (assuming the endpoints are given). Once
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an element is located in some dV', there only remain N — 1 elements left to locate within the entire volume
so the effective density decreases. This decrease continues in subsequent factors until the result for the entire
k -chain is obtained:
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where the notation p; indicates the density based on N — i elements.
HPIES p; RonET N — i MLRNEE,
Applying the two modifications, the expected number of k -chains becomes [5]
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This result can be compared with the Myrheim-Meyer result, Eq. 5, which we write in a slightly different

form to facilitate comparison
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As with the Myrheim-Meyer dimension, the simplest application of Eq. 9 as a dimension estimator is to
take k = 2. Doing this gives
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Again, counting the number of relations (c,) , leads to a ratio that only depends on d which can be solved

numerically.

FIREHD, RFRR (o) FIEEIATIHL, KEEN—DUKET d BIEE, RDEEBUETT ORI,

Modified Myrheim-Meyer: Curved Spacetimes
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As discussed in section "Myrheim-Meyer Dimension”, the Myrheim-Meyer dimension uses the ratio of
2-chains to 1-chains, Eq. 7, to estimate the flat spacetime manifold dimension of causal sets. While the
choice k = 2 is easiest to apply, larger k -chains can be used. In the context of curved spacetimes, application
of appropriately modified versions of Eq. 5 for multiple values of k has been used to obtain the manifold

dimension and other quantities [3, 6, 7] .
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One method for using higher k -chains as a dimension estimator, suggested by Roy et al. [6] is to compare
the distribution of the abundance of k -chains as a function of k in a causal set to the corresponding distribu-
tion as determined by Eq. 5. Agreement between these distributions would be an indicator of the manifold
properties of the causal set. This approach was implemented by Kambor and X [7] who used Eq. 5 to compute
(ck>77 up to k = 10 . The subscript 7 is intended to indicate that this is the Minkowski space result. Making
the definition

DHREN [6] T2 T —RG SR k -BEFMEAERL LT8R 0975 15 RISR & D k -BEAYFERE k BIRRI 7>
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Ro EXATR

o= (12)
(c1

they calculated @n using Eq. 5 for k = 1,2, --- 10 . Their results are shown as the solid curves in Fig.
1a, which shows that these distributions clearly distinguish the different dimensions of Minkowski space.
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Fig. 1 The distribution of the abundance of k -chains as an indicator of manifold dimension [7]. Panel
(a) is for Minkowski space. The data points are from simulations, and the solid lines are from Eq. 5. In panel
(b), the data points are from simulations with dS, and FLRWj; , and the solid lines are for Minkowski space
in 2 and 3 dimensions. ( ©IOP Publishing. Reproduced with permission. All rights reserved)
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To leverage these distributions as an indicator of the manifold dimension of curved spacetimes, they
formed order intervals from random sprinklings in two curved spacetimes: two-dimensional de Sitter space
and three-dimensional FLRW (FLRW stands for Friedmann-Lemaitre-Robertson-Walker.). Figure 1b shows
the comparison of the order-theoretic calculations of @ in those curved spacetime intervals against the

Minkowski space distributions. The good agreement between the distributions from intervals obtained from

13



curved spacetimes and the theoretical distributions from the flat spacetimes of like dimension suggests that

this method can serve as a useful indicator of the dimension of curved manifold-like causal sets.
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Another method using multiple k -chains, worked out by Roy et al. [6], uses a system of k -chains to
study dimension estimation and estimation of curvature. They focused on order intervals generated from
small causal diamonds in curved spacetimes so that only low-order curvature corrections would be important.
Consistent with this assumption, the authors used Riemann normal coordinates (RNC) so that the metric

could be represented as

BHEN [6] BRH T 5 —MEHZ k -BEI9757%, ITEAA k -BER R R4ERUAS T 5 R T,
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ab () = 7ab (0) = 3XX Ry 0) + 0 (%), (13)

where 7,5 (0) and R4 (0) represent components of the Minkowski metric and the Riemann tensor at
some chosen origin, respectively. This approximation was applied to an Alexandrov neighborhood A [p, q]
with 7, the proper time from p to g, used as the expansion parameter by which the neighborhood A [p, q]

was kept small.

AR 1ap (0) M1 Rapeq (0) 73 AIARRFTIE SR RUC X RERL SR S 5K BRI &, T BN T I
RERMBILAp,q), R p 2| q HIEIER ¢ (ENZIKSE, DULLRIERTIER A [p, q] 87N

Performing an analysis similar to [3], they obtained the lowest-order curvature corrections to {(c;) for a

sprinkling of events in A [p, q] ,

TS T 5 SR [3] R0 Ar, MITISEN T A [p, q] HEIFRARHY (cr) BARFTHIRIELE,

<Ck> = <ck>7’] [1 + (C(kR + ﬁkROO) Tz] +0 (de+3) . (14)

In this expression, R and R are the scalar curvature and the time-time component of the Ricci tensor

at the origin. The coefficients a; and 5, depend on the dimension and are given by

%A, RM Roo 73R JE AL bR B R AN B Ay 5K BRI 0 B /8 o T By KR T-4ERY, £
THREH

kd

T 12(kd+2)(k+1)d+2) (15)

Ak

and
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Bk = W (16)

Equations 14-16 were obtained for randomly selected events in the manifold. We now apply these ex-
pressions to the order interval I, [ei, e j] that maps to the Alexandrov neighborhood A [p, q] . In this reinter-
pretation, the proper time is replaced by the height of the interval T . For a manifold-like causal set, the height
T then serves as an estimator for the proper time. In fact, Eq. 14 contains four such quantities. In addition to

T, there are manifold estimators for the scalar curvature R , for R, , and for the dimension d .

7it2 14-16 2T RIE R BEVLERATHAFHE SIS IR, BATBHERIX L RIE TN TS 2 3 L
TEDRAIR A [p, q] KIFIXIAI Iy [e;,e;] o FEIXEHTIRRES, EARNPEERNXE T KSR, XT3
MICRRE, SE T alfENERNIMGTR, FXE, K14 BENEMRE, BRTIN EERE
% R\ Roo ANAERL d BTG &,

Therefore, a system of four equations is constructed from the (cj) for k = 1,...,4, which can be al-
gebraically manipulated to eliminate R,Ry , and T . This leaves only d and the {(c;) . As with the other
dimension estimators of this type, the (c) can simply be counted for the causal set in question leaving an
expression in terms of d that can be solved numerically.

R, BATH () WEHRXT k= 1,..., 4 W EH, rNESEIRENE R R M T, &RE
IXRE d I (ci) o TFIZRBURYHMAERAL T TR, AT BRBEREHEISE] (o), RIRISE]
& d FRIEI, PR A BUE 715K

Carrying out this prescription, the authors obtained the following equation;

BEZRE, (FERET AT

i w (d) (e =0, a7
where h
Hr
o (@) = (<D (k i 1) (kd + 2) [)((E/J]: Dd+2] (18)
with
i /2

1 (F(d + 1))"‘1 I'(d/2)T(d)

Y=\ 7> Tkd/2)T(k+1)d/2) (19)

It is this equation that is solved for the dimension using only order-theoretic quantities as inputs.
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R A B & R R % T S EI4ERL

Asnoted in [6], there is nothing special about the choice to use k = 1, ..., 4 to generate the four equations
needed, any 4 will suffice. Kambor and X implemented this generalization to larger k -chains [7]. Their result
is expressed in the following way:

IEAASCRR [6] F6H, ERE k =1, ..., 4 AEWRFATREIPAN TR AR, £ 2 25K, Kambor
X ORZ77 B SR kB8 [7], MRS SRR T

u/(k1+1)

3
§j(—1f( > )Jkru( )[ “+l] =0, (20)
=0 l Xy +1
where
Hr
jr@)=((kd+2)[(k+1)d+2]. (21)

In Eq. 20, k; > 1isthe starting value such that four consecutive integer values are used in the summation.
fERX 20, ky > 1 2RGAME, SKRFIN 6 PY N ESEE A,

The authors also explored the use of the free parameter i , where taking k; = 1 and p = 4 recovers the
original result of Roy et al., Eq. 17. They showed that for the 3-dimensional FLRW spacetime, the original es-
timator, (k;, u) = (1,4) , exhibits multiple zeros. Therefore, a numerical solution via a root-finding algorithm
could return the wrong root. They found that taking u < 1 removed this ambiguity and still gave an accurate

estimate of the manifold dimension.

TEEICHR T HHSE u W, Mk, = 1 flp = 4 I, AJIEJE Roy 5 NRYJREGSE REIA 17, i
G, X T =4 FLRW N2, AR (k,n) = (1,4) FEZDNER, FEHRREIXRSHINE
ﬁ%?ﬁ%@kﬁo@Mkﬂmu<lTﬁﬁﬁﬁx [R5 RESE R R OB ARG 1T

Other Order-Theoretic Dimension Estimators

HAth e Al i1 5

In this section, we discuss several order-theoretic methods not based on k -chain statistics in the way that
the Myrheim-Meyer dimension, and modifications thereof, are. These dimension estimators are all specific to
Minkowski space and all leverage the known relationship for how the volume of an Alexandrov neighborhood

scales with proper time.

ARFBATNEHE TRIRTTE, RETTIEFFNEK/RAGR-ILHRYEE S IERRA TR T k 5581
PRI G TR L TR X a] R a3 e], BARAMIA 7 ERIRR, RINE LS RATERA A
A e i ] B 408
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Let p and g be the defining events of an Alexandrov neighborhood in Minkowski space with q € Future (p)
and let V be its volume. This volume is given by

& p Ml q B AIRITEZFF g € Future (p) Z5F T — ML LIRS RATRATE SCHEA:, v WA
BRHIAR, AR RN

n(d—l)/z
V =
24-2d(d —1)T[(d —1)/2

where 7 is the proper time from p to q , and d is the dimension of the spacetime.

] d (22)

Hep o B p Bl q MIEAR, d 2N,

Midpoint Scaling Method

WA

The midpoint scaling dimension, proposed by Bombelli [8], is based on both the number-volume and
path-geodesic correspondences. Given an order interval I (ei, e f) of cardinality N , the midpoint dimension
can be obtained as follows. An element e,, in I defines two subintervals, I; (e;, e,,,) and I, (py,, e f) . Choose
e,, such that the cardinality N, of the smaller subinterval I,, is as large as possible. If I can be uniformly
embedded in Minkowski space, the height of I,,, will be about half that of I . In the manifold, consider the
corresponding Alexandrov neighborhoods A — I and A,,, — I,,, with V and V},, as their volumes, 7 and 7,,, as
their longest proper times. By construction, 7,,, = 7/2 . Therefore, Eq. 22 gives V,, = V/2¢ .

FUURIHR HH A A bR EE A2 [8] (RIS BT AR RN B R 3R G B A2 M Z L R, 2A7E — AR
NN HIFXIE I (e;,ep), FIHZU A B ENH R 4EE, T HIIITTE e & X THANFXIA L (e, 1)
L (pmref) o 1EHE €y, FEASEUINTIXIA] Iy, BN, BURCK (B, # T RE— R B A] K=
[, W I, BN T —¥, fEREH, FEXNNAETHILRT RAIRA - 1A, - I, , &
BRSAA VA, , EHERENSHN © /o, o RIEMEERTE 1, = /2, FEX (22) A[1E
v, =V/24,

By the path-geodesic correspondence, the heights of I and I,,, scale as 7 and 7,,, , respectively. The number-
volume correspondence also tells us that N and N, scale as V and V,,, . Therefore, the relationship between N

and N,,, should follow that of the volumes: N,,, = N/2¢ . From this relation, we obtain the midpoint dimension:

IRYEFEAR- MBSO R SC R, T A 1, S FED I 7 7 7,0y AR, ARAEEC-ARRION N R AT R, N FI
N, 7358 V # V, FREE. BRI N RN, ISCER R R AT EE S R: Ny, = N/29 o HIHOGR ATHE
S RYERL

_ In(N/Ny)

1= (23)
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Brightwell-Gregory Method

Brightwell-Gregory /7%

Brightwell and Gregory [9] proposed a method, which, like the midpoint scaling method, depends on
how the proper time between causally connected events in Minkowski space scales with the volume of the
Alexandrov neighborhood they define. This method is based on a result, previously established in [10], that
for an order interval of height T generated by sprinkling at density p into an Alexandrov neighborhood of
volume V in Minkowski space, with high probability

Brightwell #1 Gregory[9] 12t 7 —#751%, %J57E5S HHRbRBEIESREL, AR 1 Es A A (R SR O HK
FEZ IR E A I BEX D S E CRIIE DT LLIAES R AR E R FR o 1% 7T IR T A SR
[10] S EIR—PEGIL: X T PIEE o AR S RFARDN v BEIG ILIESD KRB, &N T /Y
FEIXIH], iR e

lim — - = m, (24)

where m, is a dimension dependent constant near the value 2 .
Horp mg B TR E R, BERDE 2,

Therefore, given a sufficiently large manifold-like interval of height T', we can estimate the dimension
by adopting my = 2, taking pV = N, where N is the cardinality of the interval, and turning Eq. 24 into an
equality: N Ud = T/2 . The estimate of the manifold dimension then is

R, BE—DEENT . RERKEFZXE, BITAILOEETIA mg =2, BoeV =NHFBN
BIZXAINERD, # (24) bR NVd = T/2, NWIMETHERE, WIB4EERNMEITEER R

_ InN
" In(T/2)

(25)
Average Path Length Method

PRI KT

Aghilietal. [11] proposed a modification of the Brightwell-Gregory method using the average path length
between the minimal and maximal elements of an order interval rather than its height (the maximum path
length). The rationale for this modification is that in the stochastic environment of causal sets, the mean path
length would be subject to less statistical noise than the maximum path length.

Aghili 5 A [11] $2H T X Brightwell-Gregory F7 1AM, %75 %M P X AR/ S RATTZ E
HEEE R E, MAEF X BN EE (R KBEKE), X—SoHr ISRz, 7ERRERREHL
Wi, ERERKERZBINS RSN T RARB R KE,
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To implement this method, we first define the (irreflexive) link matrix

BIINZTTIE, BATECE X AEA ) BEEERE

1, e; <e;
L = o (26)
0, otherwise

which is one of several ways to represent a causal set. The number of k -element paths between two
elements e; and e; can be found by taking k products of the link matrix. So, for an interval I [el-, e j] , the
number of k -paths between the minimal and maximal elements is given by

ERRRRREN LTI — WANICER e; 1 e; ZIAINY k TUERREER AT DOBIE A REREFE ML k
RFRBSE, Bk, WF—DXIE [e;e;], HE/NTMBRATTZ AN k S EFRTHN

ng = (Lk)ij (27)

and the total number of paths between those elements is

MIXLETCR 2 [ H 2 SN

N
Npaths = Z Ry (28)
k=1

Using these quantities, the average path length is simply

AR, PR KR A BN

1 N
= > (k=1 ny. (29)

paths j—7

As with T in the Brightwell-Gregory method, as N becomes large (¢) will become proportional to N'/4
except with a different constant of proportionality. So we can write a relation analogous to Eq. 24,

Fl Brightwell-Gregory 77 i5HH T K48l 4 N BIHRAI, (0) &5 NV RIEL, FUZHBIFEEAR
Al BIEFBATRTPAE HRELT3 (24) BIKFR:

@ _

where o is a d -dependent constant that can be determined using simulations. The dimension estimator

then is

H ag BARENT d BHE, ATDUBI B E, 4T

InN

1= Moy

(31)
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Aghili et al. found that oy ~ 1.15 worked well for all dimensions.

Aghili FEANEI, ag ~ 1.15 EH THIE4EERT

Spectral Dimension Estimators

IBHEREN TR

The spectral dimension provides an alternative to the order-theoretic approaches discussed in sections
“Myrheim-Meyer Dimension Estimators” and “Other Order-Theoretic Dimension Estimators”. Traditionally,
the spectral dimension of a space is based on the fact that the probability for a random walker to return to its
original position depends on the dimension of the space in which the random walk takes place. The walk can
be described in terms of a diffusion process tracked by a parameter o, called the diffusion time, representing
the number of steps of the random walk. If we denote the return probability as a function of the diffusion

—d/2

time as P, (o) then, in a flat space, this probability scales as P, (o) ~ ¢ , where dj is the dimension of the

space. Therefore, we determine the dimension by taking the following derivative

YR /RGN R A TR N “HA P B AR TR ISP RIS T IR
BRITR, Botl, 2R R T 40 R REALE & IR Bl 4G A B AU MER B T REALIFE
FREZE RIRYAERE, e n] IR RO iR, Mo iR, BSERNY BN, RBEVIEE
A8, ABATRORBEIBERIC Y BN R KL P, (o), BRALETHEZSE, AR AR R
P, (0) ~ o™ %/2, Hrhd RRRAMLERE, FIFATA] OB R SE 214

dg =

~dino InP, (o). (32)

This value is known as the spectral dimension (From the point-of-view of diffusion governed by the dif-
fusion equation, dP/do = V2P, the return probability can also be written in terms of the eigenvalue spectrum
of the V2 operator, which is suggestive of the name spectral dimension.). Figure 2 depicts such a random walk

on a discrete set of points generated by a random sprinkling in a flat space.

AU ISR (WY BOT IR BOI A RRE, oP/éo = V2P, IREIERIA] DOE v2
BAFRRHEIE S 1, “WE4EE” AR IE TR, ) & 2 R 7 P23 A FR R LU A R B AU
5 b RIXRREALIE .

Spectral Dimension of Causal Sets

PRI T AR

The spectral dimension was introduced to causal set theory by Eichhorn and Mizera [13], who studied
the behavior of the spectral dimension for causal sets generated in various ways including by sprinklings in
different spacetime manifolds. As discussed in [13], the Lorentzian nature of spacetime presents challenges
for a random walk not relevant to random walks in a purely spatial manifold. Because elements in a causal set

represent locations in both space and time, one conceptual challenge stems from the fact that the probability
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of return to the original location in the causal set does not just represent a return to the original point in space,
but also a return to an earlier time, which violates causality. This violation of causality is merely a conceptual
problem because in a computer simulation the fictitious random walker can still be allowed to return to the

original position in the causal set.

TEAER AR HIKIEAL [13] 5IARIRERIE, M TR T @i 2 0077 3 (EAEER RN 22T
) ZE Y A RES RIS MERNAT O, IEANSCHR [13] A, ISR 2R MR BE Ll EH R T
g [EFTY I RENLITEE S S IRATPER. BT BREREHRTTR RN AR BN H A E, —
AR 2 T MR 2 3R [ AL SR SR A A B IR A URERIR M 23 [ R 46 e, IEARERIR A B
FHIRTR], IR 7 RIER M, XM ME RS B AR, ROVTE TR R, ARIAR]
PASCVF RE A IR LI E & IR [0 A SRS A WA AL B

To remove the noncausal aspects of the spectral dimension as defined by Eq. 32, [13] also defines a form
of the spectral dimension, referred to as the causal spectral dimension d , based on the meeting probabil-
ity, Py, (0) , of two independent random walkers who are restricted to only take steps forward in time. This

dimension estimator is determined from the meeting probability similarly as d; is from the return probability,

BRI (32) A AR ARSI, SCHR [13] 38E T — R 4eRob X, FOMBISRIE 4
Bd,,, CET WA GEMN B EAE D BN REHLTE S AAIEMER P, (o) o ZAERUSTHEHEM
EEERIE, HITIH dg IR EERAE R,

de = InP, (o). (33)

~dlno

Fig. 2 A visual example of a random walk used to determine the spectral dimension [12]. The central
diamond at the origin is the starting point and the dots are points selected by sprinkling. The straight lines
represent one particular diffusion path. (C) IOP Publishing. Reproduced with permission. All rights reserved)

& 2 F Tt e 1 4E R RN L E R EDVR B [12], JRRAERIHID TR R, U I Y
HERE—FKRENY HERE, (C)I0P HARAF], LVFRTEEN, MITA)
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The key finding from [13] relevant to our purpose is that for the manifold-like causal sets studied, both
spectral dimension estimators, dy and d. , were shown to approach the manifold dimension for sufficiently
large diffusion times. Furthermore, when these methods were applied to non-manifold-like causal sets, they
appropriately failed to produce results that might be misinterpreted as a manifold dimension, thereby avoiding
any false positives. In fact, for these non-manifold-like causal sets, both d and d , were found to approach
zero for large diffusion times. These results offer evidence in support of these spectral dimensions as useful

estimators for the manifold dimension of causal sets.

MNFBAIGIFRM S, SR [13] RDESIRR: AR RTE IR ES, S8 BN A2 5K,
P EYERUG T8 dg W d ST TRP4EE. N, RXETTRM A TIEERP EREN, &
M EHATREBOR POV IRTZAERIZE R, ik T RTA IR, SShr b, MTIRREIEERERH
RE, MRLBETBINEIRKR, d M d BRIEETEF, XELARIEN, XEBAELCR LA
REFPAERE N LA,

Spectral Dimension of Spatial Hypersurfaces

2% [ b i P T A Y

In addition to the violation of causality mentioned previously, calculating the spectral dimension, d; ,
on the full causal set also faces the challenge of how to deal with the nonlocality inherent in the causal set
model [14]. For the random walker, this nonlocality effectively means that each element in the set has an
infinite number of nearest neighbors (see [13] for discussion). To bypass this challenge, in [12] Eichhorn and
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coworkers developed a scheme for determining the spectral dimension on the causal set equivalent of a spatial

hypersurface, an inextendible antichain.

BT R SCHR ZI A R SR AR P R, 7 (R SRR TSRS AR R o S THI I 4 e AL B IR SR B A R ]
AR SRR [14], MRENUTEBET S, XAAEEEME LR ERRE R SRS TRE A L5
2R (R UL [13]), ASETIX MM, AR (Bichhorn) K EFISEAESCHR [12] et 1
—RPTTER,  AE DRI RGN 2 (A1 I S AT A S B B SR I 4ERY

An antichain is a subset of a causal set consisting of mutually unrelated elements. If the full causal set
is embedded in a spacetime manifold, the events obtained from the elements of an antichain would all be
space-like related to each other. Subsets of these events would lie in a spatial hypersurface of dimension d — 1
, where d is the dimension of the spacetime manifold. This procedure seeks to identify the dimension of the

hypersurface.

REERRREN —DTFE, HEMEIRITREENR, HEDMERERA - MNZRY, MK
TLEX M AU AR R 2 R, IR R AT YN d — 1 RS R b, Hrp
d BRI, %77 TR E AR SR AEIZ T T 4

Eichhorn and coworkers performed the calculations to determine the spectral dimension on certain an-
tichains of causal sets generated from sprinklings in three-dimensional Minkowski space. They found that
at intermediate diffusion times, and on intermediate size scales, this spectral dimension does agree with the
manifold dimension of a spatial hypersurface of three-dimensional Minkowski space from which the causal
set was generated, i.e., d; & 2. Therefore, this approach, which not only circumvents issues of locality but
also of causality violations, offers a promising alternative for calculating (or providing a consistency check

on) the manifold dimension.

SR BN L R A = 4 P2 AR AL R R SRR R S BE BT IR, T, e
A1 AU TR R R AL RUEE RS, IS 4RSS A A IR SRAR B9 =4 [ PR () 23 (R i T O T 42— 2, B
FT dym 20 B, GENCGRIT TR, AR 7 RISRMERGERAI R, ot E (SURIE)
TIZAERER L T —RRA AR AR R,

Beyond the Manifold Dimension

ishaakiy 7221354

While the focus of this chapter is on ways to estimate the manifold dimension as we have defined it in
section “Introduction”, the study of the dimension as a physical quantity has considerable value in its own
right beyond its use as input for tests of macroscopic manifold-like behavior. This point is nicely summarized
for causal sets and other approaches to quantum gravity in a review article by Steven Carlip [15].

REABNERBRIE “9157 —WHEXRIPLER LT I7E, BEIIef], K4 /enyat
BHATIRAS, BT REEUERIAT R ARSI, RN AR E, 5%
SCARAEAE—TREFIECFHIRIFHLESS TIX— s, PRI RE S MR 15057574 [15]
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In this section, we draw attention to two phenomena of current interest-dimensional reduction and
asymptotic silence-for which dimension estimation that does not seek a macroscopic manifold dimension
can shed some light. Both topics are a consequence of the realization across different approaches to quantum
gravity that the effective dimension of spacetime is dynamical and scale-dependent [15]. So how then, does

the dimension behave on different scales in causal set theory?

FEARN T, BT B B2 2R TN N IR —4E 8L S HnE TR — RS SR B Y
YR AERAL T AT DOV PN IR — 2 B . XN REER AN A & 751 57 RS 2K
HFEZICHY): N2 ERERCR SN2, HREREZWK [15], 2, ERRESIEH, 455
FEAN A RE B RRI ST s an e ?

Dimensional Reduction

LS4

The term dimensional reduction has different meanings in different contexts. Here, it refers to the fact
that over the last couple of decades several approaches to quantum gravity appear to display a common feature
that the dimension of spacetime reduces to a value near 2 on small scales. This realization is very enticing
because such commonalities are rare. At the time of this writing, the extent to which this phenomenon is

observed in causal sets is still an open question.

BRI RIBENRIERE TAERRE L AXP e TR HEE, 2METF5I00R
THERLCFER 2B — DL FRHE, BVNRE TN 2248 2R 2R 2 FE, X —&I+2Ik51A,
ROIZAE 0 R W, BEEIRE AN, XAIRRAE RERE A ORI HU R AR — D amR
R )L,

To get a sense of why this remains controversial in causal sets, let us briefly address the calculation of the
dimension on small scales. As can be seen in sections ”"Myrheim-Meyer Dimension Estimators” and ”Spectral
Dimension Estimators”, there are many ways to estimate the dimension, and these may not always agree in
different contexts. The spectral dimension has emerged as a common approach in this regard. It has wide-
range applicability because regardless of how an approach models spacetime, as long as there is a form of

spacetime, one can devise a random walk in that structure.

AT RN 2 EAERREHIE T FE SN, BABREZEIREDRE TR4ER TR, [ENE 3
IR JEHRAE G TH R A USRS THR” BRI, et 2T, BIXETEESR
B T A —E S RE tH— B &R, G4 CaMNIX— 75 FMRE A7k, EEMHEER, XN
Teie R IR 2, RS RN 22, 5] DA S s BRI E

In section ”Spectral Dimension Estimators”, we highlighted use of the spectral dimension to estimate the
manifold dimension. However, the primary interest in the spectral dimension of causal sets is to probe these
dynamical and scale-dependent issues. For example, the short, intermediate, and long diffusion time regimes
of the random walk probe the spacetime structure on corresponding length scales. Also, several of the order-
theoretic estimators, such as the midpoint scaling dimension, rely on macroscopic correspondences between

causal sets and spacetime manifolds, such as the path-geodesic correspondence. Such correspondences are
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likely to break down on the smallest scales. The meaning of the spectral dimension is less strongly tied to

macroscopic concepts.

e B THRE" B, BATE R T IS TR 4R 75 7. BT IR A 4R
MEZ BRI IRFRIXE SN FAER, RBRERIFE, B0, BEYLFGERIRE. . Ky 8 EX
SEORS I RIS R R R N 23 554, b, TURR R BRIE AT (Hean b b B 4 ) 4035 T (A1 SR 4R
TN 22T Z R R B 2R, IR AR - et B, XA B 5% R AE B/ INRUE MR ATREZRAY,
TS 4R 2 1 & SO A AR S I E AR AR 4 R

Eichhorn and Mizera [13], in addition to investigating the longer diffusion times discussed previously,
also studied the small-scale behavior of the spectral dimension of causal sets. They found that on the full
causal set, both the spectral dimension and the causal spectral dimension showed a dimensional increase on
small scales. This finding put causal set theory in contention with the several other approaches that show a

decrease to two dimensions.

AR RN [13] BR T WSS RIS IHE R KRN IR 0L, IR T RIER SR IE 4R R/ N AT
Mo MUTTREL, E7EBERRE L, WHEEMRRIGLERENRE NREHYEE BT, X —45RIEH
REPICANH A 2 A 2N RS 2 FIRFRTT R4 T 0k

However, in 2016, Belenchia et al. [16] calculated the spectral dimension of causal sets using different
operators than used in [13], which they argued to be better suited to causal sets. Their results do show dimen-
sional reduction to d; = 2 on small scales. Furthermore, the spectral dimension on a spatial hypersurface
discussed in section ”Spectral Dimension of Spatial Hypersurfaces” was also used to probe the small-scale
behavior [12]. For this nonrelativistic version of the spectral dimension, Eichhorn and coworkers observed

dimensional reduction, although not to a value of 2 .

{HAE 2016 4, DUREIESE N [16] (EH T AETSCHR [13] IRAFIHH R R REAISAERE, T NX
LR EERC R RE, MRS RS TR N NRE RN N d, =2, MEAh, “2 @i
HERET BTG 2S (A b A A A TR N RUEATO [12]0 X TR IR AR
e, UMERNHEEEMNE THELML, RRRAREE 2,

Even though the spectral dimension has emerged as a preferred method for investigating dimensional
reduction, it remains interesting to explore the results of other dimension estimators. Abajian and Carlip
used the Myrheim-Meyer dimension to study small subsets of causal sets faithfully embeddable in 3-, 4-,
and 5-dimensional Minkowski space [17]. They found dimensional reduction in all cases either to dyp; = 0
if single-element subsets are assigned zero volume, or dyy ~ 2 if such subsets are excluded. Given the
prevalence of dimensional reduction to a value of 2, the latter results seem compelling. However, in a recent
analysis by David Meyer [18], he argues that prior calculations using the Myrheim-Meyer dimension that
were indicative of dimensional reduction to a value of 2, such as those performed in [17], by himself 3], and
one of us [19] contain certain flaws. Addressing those flaws, Meyer finds no dimensional reduction for causal

sets generated by sprinklings in 3- and 4-dimensional Minkowski space.
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REEYEE ELRONIT R ELMUIEIE TR, R HMLERE (T BRSERMARAER X, MEL
FARAE s 1A /R0 JE HRAE FE 5T 1 Al B SCHRON 34 4 5 4B RS RIFYRIER B/ 145 [17], (]
KIAEFTE TR RS R AL (RATTR TR T A, AN dyy = 05 WERHE
PRIZEFER, ML duw ~ 2. ETHELNT 2 2EiESE, FHENSEREERRE R,
ELERRAE LR AL 704 [18] Ff, M tH AT (E FIA/R N -G HRAE AT, fRA4E LML 2 RYTHE
(bEAnszik [17], flE SR TAE [3] PARBAT AL EE B TAE [19]) ARAF £ —E BRI, B IEIXLERE
Ja, THRAB, XTI 3 45 4 4B RS RIRIIR S, AEE4EELAIL,

While there is some compelling evidence that causal sets may exhibit dimensional reduction to 2 on small
scales, the issue is far from settled. Depending on the method for calculating the dimension and the way the
results are analyzed, a clear picture has not yet emerged. As alluded to in [12], whether these kinematical di-
mension estimators can be found to give a consistent indication of small-scale dimensional reduction in causal
sets, while it would be informative, is not the most important question. Ultimately, the effective dimension of
spacetime on different scales in causal set theory will be dictated by a model of causal set dynamics. Perhaps
lessons learned from these kinematical studies can help point the way to this dynamics.
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Asymptotic Silence
TURIIE N

The term asymptotic silence was given to the theoretical phenomenon that the lightcones of events near
a singularity like that commonly featured in models of the early universe, effectively collapse (become more
and more narrowly focused) as the singularity is approached [20]. Asillustrated in Fig. 3, this collapsing of the
lightcones causes worldlines that were once causally connected to become disconnected near the singularity.

Therefore, communication between the events of these worldlines is cut off.
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A similar effect, short distance asymptotic silence, can occur on small spacetime scales, but for different
reasons than in the early universe context [21, 22]. Such an effect would impact the effective dimension of
spacetime at those scales. Interestingly, Carlip has argued that short-distance asymptotic silence could be
the explanation for both dimensional reduction in many cases [15] and the increase in the causal spectral
dimension of causal sets mentioned in section ”"Spectral Dimension of Causal Sets” [23]. In the latter case,
the onset of asymptotic silence would decrease the likelihood of the two random walkers to meet, thereby
increasing the causal spectral dimension as determined by Eq. 33. Subsequently, Eichhorn et al. demonstrated

that manifold-like causal sets do in fact exhibit behavior consistent with short-distance asymptotic silence [24].

26



JELEE B ITUER R — ARSI, e mT AR/ NN 2 R B, (E AR SR PR A 5 5 R R RIS
LA [21, 22]0 XN RFEMAIX L RUE TN SHA MR, ARERNE, FAREGIRN, HEE
W TTBRBE T DARRREVE 218 00 RROAEERZIML, [15], thrT DAERE “IRISRER RIS 4R — iR SIRRR
SRRIEAEE AT (23], fEfE RGO, HNLTTRRH Bl A N RE LT EEAERIRER, M
mdm = (33) e ARG 4R, B)S, SOARERENIEH, SR K R SR A & R
EHNLTTRRAIT N [24],

One of the lessons of this discussion is that even under circumstances not expected to be manifold-like,
the results of different dimension estimators can convey important physical information. Whether particular
causal sets show dimensional reduction and asymptotic silence are two examples. However, as causal set

theory moves closer to a quantum dynamics, more such examples are likely to emerge.
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Some Performance Tests of Order-Theoretic Estimators
RS A TR A T PERE A

Here we discuss some quantitative results to convey how well the order-theoretic dimension estimators
perform. To this end, Aghili et al. conducted simulations to test the precision and accuracy of four of the
estimators discussed in this chapter: the constant cardinality approach (section "Modified Myrheim-Meyer:
Constant Cardinality Approach”), the midpoint scaling approach (section "Midpoint Scaling Method”), the
Brightwell-Gregory approach (section ”Brightwell-Gregory Method”), and their average path length approach
(section ”Average Path Length Method”) [4]. These were compared for causal sets that ranged in size N from
100 to 1500 elements, and for manifold dimensions d ranging from 2 to 5. All approaches improved with

increasing N . Their results are shown in Fig. 4.
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Fig. 3 A visual representation of asymptotic silence in cosmology [20]. Focusing on the central worldline,
as you go backward in time toward the initial singularity, the lightcones on this worldline become narrowly
focused. The other, seemingly nearby, worldlines (along which this focusing also occurs) that were causally
connected to the central worldline at later times become disconnected near the singularity. (C) IOP Publish-

ing. Reproduced with permission. All rights reserved)
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In their study, the constant cardinality approach (upper left) performed best, reliably estimating the cor-
rect dimension for all cases, and with very low scatter, even at low N , compared to the other estimators
tested. The midpoint approach (upper right) reliably estimated the correct dimension for dimensions 2-4, but
systematically overestimated the dimension in the d = 5 case. The Brightwell-Gregory approach (lower left)
did fairly well in dimensions 2-4, but with greater scatter than the constant cardinality approach. Inthed = 5
case, this method systematically overestimated the dimension, although the effect lessened with increasing N
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. The average path length method (lower right) fared similarly to the Brightwell-Gregory approach, although
it did somewhat better for the d = 4 and d = 5 cases, especially at low N . At the lowest N,N = 100 and
N =200, the dimension was underestimated by an amount comparable to the standard deviation in thed = 4

and d = 5 cases, which is unique among the estimators that were compared in [4].
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Fig. 4 Dimension vs. Cardinality for several manifold dimension estimators [4]. Plotted are the constant

cardinality method (upper left), the midpoint scaling method (upper right), the Brightwell-Gregory method

(lower left), and the average path length method (lower right). The error bars indicate the standard deviation

of the results from 20 sprinklings. (C) IOP Publishing. Reproduced with permission. All rights reserved)
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For the remaining order-theoretic estimators, in Table 1 we provide numerical results of the Myrheim-
Meyer dimension (section "Myrheim-Meyer Dimension”) and the curved spacetime dimension estimator
(section "Modified Myrheim-Meyer: Curved Spacetimes”). We take the Myrheim-Meyer results from Reid
[19], who compared the results of the Myrheim-Meyer and midpoint scaling dimensions for manifold-like
causal sets embeddable in flat and conformally flat spacetimes as a function of subinterval size. That study
found that the behavior of the estimators for small subintervals of causal sets formed from curved spacetimes
matched well with the analogous behavior for causal sets formed from flat spacetimes of the same dimension.
This way of estimating the dimension for causal sets embeddable in curved spacetimes is similar in principle

to the technique using k -chains represented in Fig. 1.
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Table 1 Numerical results for a few manifold dimension estimators. The Myrheim-Meyer and midpoint
results from [19] were calculated from order intervals containing 512 elements. The curved results from [7]
are from the generalized model with y =4 and k; = 1

R 1 IR 4R il T B A EESS R SCRR [19] HAYIR/RIG-IEERAIH R SR, s 512 1T
RNFXAH RS, Sk [7] FZNZERREEE u =4 F k= 189 R

Dimension 2 3 4
Myrheim-Meyer 1.996 3.017 3.964
Midpoint 2.002 3.075 4.167
Curved 1.998 (dS;) | 3.005 (FLRW3)

The curved spacetime results in Table 1 are from Kambor and X, who used a system of k -chains, see Eq.
19, to calculate the dimension of causal sets sprinkled in two-dimensional de Sitter (dS,) with 25,600 elements
and three-dimensional FLRW (FLRW3) with 102,400 elements. They tested the method with parameter ()
values of 0.25,1, and 4 and starting k (k;) values of 1,2,3, and 4 . They found that the correct dimensionality
was obtained in all cases. The table shows the case with u = 4 and k; = 1, which corresponds to the original

approach of [6] in Eq. 17.
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In this chapter, we have shown that there are now several effective methods for estimating the manifold
dimension of causal sets. While many are designed to work for causal sets that approximate flat spacetimes,
some promising ideas applicable to causal sets that approximate curved spacetimes have been proposed and
tested [6,7,19] . We have also noted that various forms of spectral dimension might be well suited to the study
of dimension-related phenomena on all scales, including the quantum regime. Moving forward, more quan-
titative investigations of the effectiveness of dimension estimation of curved spacetimes are needed. Beyond
seeking the manifold dimension, research on the effective dimension of spacetime on intermediate and small

scales in causal set theory will continue to be an active area of research.
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